HYPERCYCLIC SUBSPACES ON FRECHET SPACES WITHOUT 

CONTINUOUS NORM 



QUENTIN MENET 



Abstract. Known results about hypercyclic subspaces concern either Frechet 
spaces with a continuous norm or the space u). We fill the gap between these 
spaces by investigating Frechet spaces without continuous norm. To this end, 
we divide hypercyclic subspaces into two types: the hypercyclic subspaces M 
for which there exists a continuous seminorm p such that M n kerp = {0} 
and the others. For each of these types of hypercyclic subspaces, we establish 
some criteria. This investigation permits us to generalize several results about 
hypercyclic subspaces on Frechet spaces with a continuous norm and about hy- 
percyclic subspaces on ui. In particular, we show that each infinite-dimensional 
separable Frechet space supports a mixing operator with a hypercyclic sub- 
space. 



Introduction 

We denote by Z the set of integers, by N the set of positive integers and by Z-|_ 
the set of non-negative integers. 

Let (Tfe) be a sequence of hnear continuous operators from X io Y where X 
is an infinite-dimensional Frechet space and y is a separable topological vector 
space. The sequence (T^) is said to be hypercyclic if there exists a vector x m. X 
(also called hypercyclic) such that the orbit of x for [Tk) is dense in Y . We are 
interested in the existence of closed infinite-dimensional subspaces in which every 
non-zero vector is hypercyclic. Such a subspace is called a hypercyclic subspace. 

Some classical hypercyclic operators, like the translation operators on the space 
of entire functions, possess a hypercyclic subspace [7] but some others, like scalar 
multiples of the backward shift on V , do not possess any hypercyclic subspace [23J. 
A natural question is thus: "Which hypercyclic operators possess a hypercyclic 
subspace? " . Several criteria have been found for operators on a Frechet space with a 
continuous norm (see [6], [9], [20], [22], [2l] and [21]) and a characterization has even 
been given for weakly mixing operators on complex Banach spaces by Gonzalez, 
Leon and Montes [TS]. Moreover, Bes and Conejero [5] have shown that there exist 
some hypercyclic operators with hypercyclic subspaces on the space w, where oj is 
the space (K = M or C) endowed with the product topology. On the other hand, 
Charpentier, Mouze and the author [14] have obtained the existence of hypercyclic 
subspaces for universal series on some Frechet spaces without continuous norm. 
Nevertheless, no criterion is known in the case of Frechet spaces without continuous 
norm. 



2010 Mathematics Subject Classification. Primary 47A16. 

Key words and phrases. Hypercyclic operators; Hypercyclic subspaces; Frechet spaces. 
The author is supported by a grant of FRIA. 



1 



2 



Q. MENET 



The starting point of this paper is the following simple remark. There exist two 
types of hypercyclic subspace M for (Tfe): either there exists a continuous seminorm 
p on X such that Mnkerp = {0} (type 1), or for any continuous seminorm p on X, 
the subspace Af Hkerp is infinite-dimensional (type 2). li X possesses a continuous 
norm, then each hypercyclic subspace is of type 1. On the other hand, if each 
continuous seminorm of X has a kernel of finite codimension, then each hypercyclic 
subspace is of type 2; this is the case of w, for example. However, in the other cases, 
there can exist hypercyclic subspaces of type 1 or of type 2. 

In Section [TJ we consider hypercyclic subspaces of type 1. We start by proving 
the existence of convenient basic sequences in each Frechet space admitting a con- 
tinuous seminorm whose kernel is not of finite codimension. Thanks to these basic 
sequences, we generalize principal criteria about hypercyclic subspaces on Frechet 
spaces with a continuous norm. We can then prove for example that, on each 
Frechet sequence space admitting a continuous seminorm whose kernel is not of 
finite codimension, the existence of one restricted universal series implies the exis- 
tence of a closed infinite-dimensional subspace of restricted universal series (Section 
12. ip . We also answer positively a question posed by Bes and Conejero in [HI Problem 
8]: "Does every separable infinite-dimensional Frechet space support an operator 
with a hypercyclic subspace?" (Section 12. 2p . 

In Section [21 we focus on hypercyclic subspaces of type 2. We establish a suffi- 
cient criterion for having a hypercyclic subspace of type 2 and a sufficient criterion 
for having no hypercyclic subspace of type 2. These criteria are applied in Section|4] 
to three classes of hypercyclic operators. We first look at the case of universal se- 
ries on Frechet sequence spaces for which each continuous seminorm has a kernel 
of finite codimension (Section 14. ip . In particular, we generalize to these spaces a 
result obtained for cj in [14J. This result together with results obtained in Sec- 
tion [2Tl] characterizes almost completely the existence of closed infinite-dimensional 
subspaces of restricted universal series in Frechet spaces. Afterwards, we improve a 
result obtained by Bes and Conejero [8J that states that the operators of the form 
P{Bu]), where P is a non-constant polynomial and is a weighted shift, possess 
a hypercyclic subspace on cj; we show that a larger class of sequences of operators 
from cj to cj possesses a hypercyclic subspace and even a frequently hypercyclic 
subspace (Section |4.2|) . Finally, we investigate unilateral weighted shifts on Frechet 
sequence spaces without continuous norm (Section I4.3p . 



1. Some criteria for hypercyclic subspaces of type 1 
We start by proving the simple remark stated in the Introduction. 

Proposition 1.1. Let X be a Frechet space, {pn)n>i m increasing sequence of 
seminorms inducing the topology of X and M an infinite- dimensional subspace in 
X . Either for any n > 1, kerp„ H M is infinite- dimensional or there exists n > 1 
such that kerp„ DM — {0}. 

Proof. Suppose that there exists n > 1 such that kerp„ H M is finite-dimensional. 
Let ei, . . . , erf be a basis of kerp„ n M. Since X is a Frechet space, there exists 
m > n such that Pm(ei) ^ 0. Therefore, the dimension of kerpm n M is strictly 
less than d. By repeating this argument, we then obtain a seminorm p^ such that 
kerpAT nM = {0}. □ 
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In general, the simplest way to obtain a hypercyclic subspace is to construct 
a convenient basic sequence in X and to consider the closed linear span of this 
sequence. 

Definition 1.2. A sequence {un)n>i in a Frechet space is called basic if for every 
X G span{w„ : n > 1}, there exists a unique sequence (a„)„>i in K such that 

Let X be a Frechet space. If X possesses a continuous norm, the existence of 
basic sequences in X is well known (see [31], [Ml)- We now show that if there exists a 
continuous seminorm p on X such that kerp is not a subspace of finite codimension, 
we can generalize the classical construction of basic sequences in Frechet spaces with 
a continuous norm to obtain basic sequences (u^) C X such that p{uk) = 1 for any 
k and spanjufc : A: > 1} flkerp = {0}. Moreover, sufficiently small perturbations of 
these sequences will remain basic and will be equivalent to the initial sequence. 

Definition 1.3. Let X be a Frechet space. Two basic sequences (u„) and (/„) in X 
are said to be equivalent if for every sequence (a„)„>i in K, the series o.ni>-n 
converges in X if and only if Qn/n converges in X. 

These sequences will be the key point to obtain criteria about hypercyclic sub- 
spaces of type 1. 

Lemma 1.4 ([18, Lemma 10.39]). Let X he a Frechet space. For any finite- 
dimensional subspace F of X , for any continuous seminorm p on X and for any 
e > 0, there exists a closed subspace E of finite codimension such that for any 
X € E, for any y ^ F, we have 



Corollary 1.5. Let X be a Frechet space, (p„) a sequence of continuous seminorms 
and M an infinite- dimensional subspace such that for any closed subspace E of finite 
codimension, we have 



Then for any e > 0, for any G X, there exists G M such that 

Pi{un+i) — 1 and such that for any j < n, for any oi, . . . , On+i G K, we have 



Remark 1.6. If kerpi is a subspace of finite codimension, such a subspace M does 
not exist. However, if kerpi is not a subspace of finite codimension, then M = 
X works and if kerpi — {0}, then each infinite-dimensional subspace M works. 
Moreover, we notice that if M n kerpi = {0}, then M works. 

Theorem 1.7. Let X be a Frechet space, {pn) an increasing sequence of seminorms 
defining the topology of X , (£„)„>! a sequence of positive real numbers such that 
]^j^(l -t- e„) — K < oo. If a sequence {uk)k>i C X satisfies for any n G N, for any 
j < n, for any ai, . . . , a„+i G K, 




EDM (;t kerpi. 




n 



n+1 



(1.1) 
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then this sequence is basic in X and the closure of the linear span Mu of (uk) 
satisfies Mu fl kerpi = {0}. Moreover, if {fk)k>i C X satisfies 



+00 



J2^Kpk{uk ^ fk) < 1, 



k=l 



then (fk) is a basic sequence in X, (fk) is equivalent to (u^) and the closure of the 
linear span Mf of (fk) satisfies Mf Cl kerpi — {0}. 

Proof. We first show that {uk)k>i is a basic sequence. Let x — '^'kLi'^kUk G X. 
We remark that, by p.ip . we have for any n > 1 



n-l 

a-kUk 

k=l k=l 



\an\ = Piia-nUn) < Pi ( ^ OfcUfe^ +Pif 

(1.2) 

< 2Kpi(^^akUk^ = 2Kpi{x). 
fe=i 

This property implies that if a; = X]fc°=i ^fc^fc and x = Y^^=i bkUk then for any 
n > 1, a„ = bn- Let x„ = J2'kLi'^ri,kUk, with a„,fc = for any k > Nn, be a 
convergent sequence to some vector x G X. It just remains to prove that there 
exists a sequence {ak)k>i C IK such that x — X]fc°=i '^kUk- 

We deduce from (|1.2p that for any fc > 1, \am,k — cin,k\ < 2Kpi{xm — Xn) —> 
as m, n — )■ 00 and therefore lim„_^oo an,fc — Ofc for some scalar Ofc. Let j,n > 1. For 
any N > j, we have by ()l.ip 

N N N N 

Pj ( ^ a„,fcUfc - ^ afcMfe^ = limpj ^ a„,fcUfc - ^ am,kUk 

k=l k=l k=l k=l 

< \imKpj{Xn ~ Xm) = KpAxn - x). 
m 

Thus, for any N > max{A'^,i, j}, we have 

N N N 

Pj akUk^ < Pj {X -Xn)+ Pj ( ^ ttn^kUk - ^ + ^)P] ( 

Xn X J . 

k=l k=l k=l 

We deduce that x = X]fc°=i o^kUk and thus the sequence (uk) is basic. Moreover, if 
A4u = spanjufc : k > 1}, then for any x G Af„, x = X^fc^i ^.kUk with jflfcl < 2_fi'pi(a;). 
We conclude that n kerpi = {0}. 



We now consider a sequence {fk)k>i C X such that 



+00 



(1.3) 5:=Y,2KPk{uk-fk)<l. 



fe=i 



In order to prove that ( fk) is a basic sequence, we consider the operator T : — > X 
given by = J2^=i'^nfn- This operator is well-defined as for any 
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J > 1, for any j < m < n, 



k—in k—7n k—7n 

k=m k 



<^\ak \Pj ifk - Ufc) + ( X! 

k=m k—m 

n n n 

< ^ 2Kpi(^^ aiU^pkifk - Uk) -^Pj(^^ CLkUk^ by 

fc=m i—m k='m 

n 

(1.4) < (1 + afcWfe) by dlSl) 

k—m 

and the operator T is continuous as, for any j > 1, we have with the same reasoning: 

c» oo oo oo 

Pj(r(^^afeUfe^^ - '^'^^P^{^o.iU^pj{fu - Uk) +Pjf y^flfcUfc) 

k=l k=l 1=1 fe=l 

J — 1 oo oo 

< ^ 2 JsTpi ^ a^Ui^ pj (//c - life) + (1 + f y^afcMfc^ 
fe=i 1=1 fc=i 

j-l oo 

< (l + + Y'^Kpj{fk - Ukijpji^^akUk _ 

k=l fc=l 



We seek to prove that T is an isomorphism between Af„ and Ini(r). We remark 
that for any J^'kLi '^kUk G for any j > 1, we have by (|1.2p and p.3p 



oo oo oo 

fc=j /c=j fc=j 

oo 



fe=j fc=j i=j" 

oo oo 



fc=j fc=j 



oo 

(1.5) >{l-5)p,(j2 



a-kUk 

k=j 

Thanks to (jl.Sp with j = 1, we can aheady assert that T is injective, as for any 
X e M„\{0}, we have pi{x) ^ 0. We also deduce that Im(r) n kerpi = {0}. 

Let Xn = YlkLi o-n.kUk be a sequence in M„ such that Txn converges to / in 
X as n oo. To prove that T is an isomorphism, we still have to show that x„ 
converges in X. Thanks to (|1.2p and (jl.Sp . we know that for any fc > 1, a„^fe -> a^: 
for some scalar as n — )■ oo. We therefore seek to prove that Xn converges to 
SfeLi o-kUk- To this end, we begin by showing that Xifeli o.kfk converges. For any 
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N > M > i , any n > 1, we have 

N 
k=M 

N 



m \ — ^ 

TV AT TV 

< ^ am,fc/fc - ^ a„,kfkj ^ a„,fc/fe 

fe=A/ k=M k=M 

N N N 

< (1 + 5)limpj(^ ^ a,„_feUfe - ^ a^^kUk^ +Pj[ ^ an,fc/fc) by 

k=M k=M k=M 

oo CO N 

<2K{l + S)\iTasuppj(^'^am,kUk-'^an,kUk^ X! "".'=/fe) by pTTjl 

™ fe=j fc=j k=M 

N 

-Pji X! o-n^kfk) by ([13]) 



2is:(i + 


'5) 


1 - 5 




2K{1 + 


5) 


1 - (5 




2K{1 


+ ^ 


+ 1- 


5 


2ii:(i + 





k=j k=j k=M 

< — Y — 'j-^ liinsuppj{Txrn - TXn) 

m 

j-1 AT 



fc=l k=l k=M 



< Pjif - TXn) 



2K{1 + 6) 



3-1 3-1 N 

-P3(^^akfk -^fln.fc/fc) +Pj(^ X! "".fe/*; 



1-5 

k=l k=l k=M 

If we choose n > 1 such that 

2K(l + 5) ^ , 2i^(l + 5) . ^ .\ 

— — Pi'^j ~ ^^") + — — Pi [ "fej-t ~ ari,fc/fc J < £ 

fc=i fe=i 

and L > j such that, for any N > M > L, we have 

JV 



fc=M 

then we deduce that, for any N > M > L, we have 

TV 



Pj ( ^ flfc/fc) < 2e. 

fe=Af 

The sequence (X^fcLi ^kfk)N is thus a Cauchy sequence and therefore a convergent 
sequence. Moreover, as for any N > M > j, we have by p.5l 

N ^ N 



~ fc=M fc=M 
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we deduce that the sequence O'kUk) is also a Cauchy sequence and therefore 

fc^i flfeUfe converges. 

We can now show that / = X^fcli Ofc/fc- Indeed, since J2kLi '^kfk and X^fcli (^n.kfk 
are convergent series, for any n, j > 1, there exists M > j such that we have 

oo oo ^ 

Pj(^ X! ^'kfk- ^ a«,fc/fe) < - 

k=M+l k=M+l 

and thus as previously 

M M 

/^r^ „ „ \ t / 

Pi 



k=j k=j k=j k=j 

^ M M 

- + \\mpj { am.kfk ~ a,n,kfk 

n m ■' \ ^ — ' ^ — ' 



n 

k=j k=j 

1 , 2K{l + 6) 
n 1 — 

2K{1 + S) -^"^ ^"^ 



+ — jTT^ — Pj [2^o,kJk - anMjk J > 0. 



We conclude that Txn X]fe°=i o-kfk as ti — > cx) and thus that / — X]fe°=i Q^fe/fc- 

Finally, we notice that x„ converges to '^fe^*; because by (jl.51) . for any 

J>1, 



oo 



^ 0. 



fc=l 

j-1 j-1 oo oo 

k—1 k—1 k—j k—j 

1-1 j-1 oo oo 

We conclude that T is an isomorphism between Af„ and Im(T). The subspace 
M' := Ini(r) is thus a closed infinite-dimensional subspace for which (fk) is a 
basis. Moreover, we have M' D kerpi — {0} and (fk) is equivalent to (ufe). That 
concludes the proof. □ 

We deduce from Corollary 11.51 and Theorem 11.71 that we can construct a basic 
sequence stable under small perturbations in each infinite-dimensional subspace 
M C X such that for any closed subspace E of finite codimension, 

EnM <^ kerpi. 

If M is closed, we can in fact reformulate this condition as follows: 

Proposition 1.8. Let X be a Frechet space, p a continuous seminorm on X and M 
a closed infinite- dimensional subspace of X . The following assertions are equivalent: 

(1) for any closed subspace E of finite codimension in X, E f] M (/i kerp, 

(2) the subspace M n kerp is of infinite codimension in M . 
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Proof. We show the equivalence between ^(1) and ^(2). 

~'(2). Let £' C X be a closed subspace of finite codimension such that 
E CiM C kerp. Then the subspace i? n M is a subspace of finite codimension in M 
and since EDM C Mnkerp C M, we deduce that AI fikerp is of finite codimension 
in M. 

-i(2) We suppose that M n kerp is of finite codimension in M. Since 

Mnkerp is closed, there exists n > 1 and a continuous linear map f : M ^ K" such 
that ker/ = M nkerp. By Hahn-Banach, there then exists a continuous linear map 
f : X K" such that = /. We conclude that E = ker / is a closed subspace 
of finite codimension and that 

En M C ker / C kerp. 

□ 

Thanks to Theorem 11.71 we can extend known criteria about hypercyclic sub- 
spaces for Frechet spaces with a continuous norm to Frechet spaces without con- 
tinuous norm by adapting their statement. 

The first criterion about hypercyclic subspaces was established by Montes [23' in 
1996. He has proved that if T is a continuous linear operator on a Banach space X 
satisfying the Hypercyclicity Criterion for (rifc) and if there exists a closed infinite- 
dimensional subspace Mq such that for any x G Mq, {Tn^x)k converges to 0, then 
T possesses a hypercyclic subspace. This criterion has even been generalized to 
operators on Frechet spaces with a continuous norm (see [5], [53]) and to sequences 
of operators on separable Banach spaces [20] and on separable Frechet spaces with 
a continuous norm [12^ satisfying a certain condition (C) . 

Definition 1.9. Let X be a Frechet space and Y a topological vector space. A 
sequence (r„) of operators from X to Y satisfies condition (C) if there exist an 
increasing sequence (n^) of positive integers and a dense subset Xq C X such that 

(1) for every x G Xq, limfc_^oo Tn^x = 0; 

(2) for every continuous seminorm p on X, lj/c-^"fc({^ ^ ■ Pi^) < 1}) 
dense in Y . 

One knows that the above mentioned criterion does not remain true for Frechet 
spaces without continuous norm. Indeed, Bonet, Martinez and Peris [S] have shown 
that the multiple of the bilateral backward shift 2B is mixing on the space X = 
{{.Xn)n& ■ Z^^ol^nl < °°} eudowcd with the seminorms p„(x) = Yl'k'=-n\^k\ 
and does not possess any hypercyclic subspace. However, if we consider Mg = 
{{Xn)n£Z : Xn — foi n > 1}, wc remark that for any x G Mq, {{2B)''x)k converges 
to as fc — > oo. In fact, the problem in this counterexample does not seem to be the 
absence of a continuous norm on X but the fact that Mg n kerp„ is a subspace of 
finite codimension in Mq for any n > 1. Nevertheless, once Mg Piker pi is a subspace 
of infinite codimension in Mq , the construction of basic sequences of Theorem 11.71 
allows us to generalize the criterion established by Montes [2S] to Frechet spaces 
without continuous norm. 

We fix a Frechet space X, an increasing sequence of seminorms (p„) defining the 
topology of X and a separable topological vector space Y whose topology is defined 
by a sequence of seminorms (gn)- We can then state the following result whose the 
proof is similar to the proof of [22[ Theorem 1.5]. 
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Theorem 1.10. Let (Tn) be a sequence of continuous linear operators from X to 
Y. If (Tn) satisfies condition (C) for {uk) and if there exists a closed infinite- 
dimensional subspace Mq such that 

(1) Mq nkerpi is a subspace of infinite codimension in Mq, 

(2) for any x € Mq, Tm^x — >■ as k ^ oo, 

then (Tn) possesses a hypercyclic subspace of type 1. 

Remark 1.11. A simple argument (see [6], [HI Remark 10.9]) likewise allows us to 
replace (2) hy the condition: for any x G Mq, {Tn^x)k converges in Y. 

Leon and Miiller [20] have established another sufhcient condition for sequences 
of operators on Banach spaces to have a hypercyclic subspace. This criterion relies 
on the existence of a convenient non-increasing sequence of infinite-dimensional 
closed subspaces [Mj). It has also been generalized to the case of Frechet spaces 
with a continuous norm in |22J. By adding a condition on the subspaces {Mj), we 
can extend this criterion to Frechet spaces without continuous norm: 

Theorem 1.12. Let (Tn) be a sequence of continuous linear operators from X 
to Y . If (Tn) satisfies condition (C) for (n^) and if there exists a non-increasing 
sequence of infinite- dimensional closed subspaces {Mj)j>i of X such that 

(1) for any j > 1, Mj fl kerpi is a subspace of infinite codimension in Mj, 

(2) for each n > 1, there exist a positive number C„ and two integers m(n), 
k(n) > 1 such that for any j > k{n), for any x G Alj, 

then (Tn) possesses a hypercyclic subspace of type 1. 

On the other hand, a criterion for having no hypercylic subspace is given in |20) 
for sequences of operators on Banach spaces. It has been adapted for operators 
on Frechet spaces in [IS, and for sequences of operators on Frechet spaces in [22]. 
These results directly give us a condition for having no hypercyclic subspaces of 
type 1. 

Theorem 1.13. Let (T„) be a sequence of continuous linear operators from X to 
Y. If there exist a sequence (£'„) of closed subspaces of finite codimension in X, 
positive numbers Cn oo and a continuous seminorm q on Y such that for any 
n>\, for any x £ En, we have 

q{T„x) > CnP„{x), 

then (Tn) does not possess any hypercyclic subspace of type 1. 

Proof. Suppose that M is a hypercyclic subspace of type 1. By definition, there 
then exists J > 1 such that for any non-zero vector x G M, we have pj{x) ^ 0. 
Therefore, the proof of |22[ Theorem 1.13] allows us to construct a vector x € M 
such that q{T'^x) — ?• oo as n — >■ c»: this is a contradiction with the fact that M is 
a hypercyclic subspace. □ 

Thanks to a simplification of the previous criterion in the case of an operator 
T : X X given by the author in [22], we obtain the following simpler criterion: 
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Theorem 1.14. Let T be a continuous linear operator from X to itself. If there 
exists a continuous seminorm q on X such that for any n> 1, there exist a closed 
subspace E of finite codimension in X , C > 1 and m > 1 such that for any x £ E, 

g(r»:E) > Cpnix), 

then T does not possess any hypercyclic subspace of type 1 . 

2. Existence of hypercyclic subspaces 

2.1. Universal series. Let A be a Frechet space of sequences such that the co- 
ordmate projections P,„ : ^4 — !■ K, (a„)„>o a„j are continuous for all m > 0, 
and the set of polynomials {a (an)n>o G : {n > : a„ 7^ 0} is finite} is 

contained and dense in A. We denote by (en)n>o the canonical basis of and 
by v(a) and d{a) the valuation and the degree of the polynomial a £ A. 

Let X be a separable topological vector space whose topology is given by an 
increasing sequence of seminorms [qj) and let (x„)„>o be a sequence in X . We let 
Sk '■ A ^ X he the operator defined by 

fe 

S'fe((a„)„>o) = OnXn 
ri=0 

and U O A the set of hypercyclic vectors for (S'fe). A sequence a O A is called a 
universal series. An interesting subclass of universal series is the class of restricted 
universal series. 

Definition 2.1. Let : A ^ Ahe the operator defined by 

fe 

A sequence a € ^ is a restricted universal series if, for every x £ X, there exists 
an increasing sequence (uk) in N such that 

(2.1) S'nfeQ X m X and S:^^a — > a in ^ as fc — > 00. 

We denote by Ua the set of such series. 

For more details about universal series, we refer to the article of Bayart, Grosse- 
Erdmann, Nestoridis and Papadimitropoulos 

In 2010, Charpentier [13J proved that if Ua 7^ and A is a Banach space then 
14a is spaceable i.e. Ua U {0} contains a closed infinite-dimensional subspace. Using 
the construction of basic sequences in Frechet spaces with a continuous norm, the 
author [21j has generalized this result to Frechet spaces with a continuous norm. 
The proof of these results depends on three factors: the existence of a restricted 
universal series, the possibility to construct a basic sequence of polynomials with 
valuation as large as desired and the fact that a sufficiently small perturbation of 
this basic sequence remains basic. We prove that, thanks to Theorem 11.71 these 
conditions are satisfied in the case where Ua 7^ and A is a Frechet space admitting 
a continuous seminorm p such that kerp is not a subspace of finite codimension. 

Theorem 2.2. // Ua is non-empty and A is a Frechet space with a continuous 
seminorm p such that kerp is not a subspace of finite codimension, then Ua is 
spaceable. 
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Proof. The proof is similar to the proof for Frechet spaces with a continuous norm 
|21| . Therefore, we only justify the possibility to construct a basic sequence of poly- 
nomials with valuation as large as desired thanks to CoroUarv Il .51 and Theorem 1 1.71 
To this end, we prove that the subspace Mk of polynomials with valuation at least 
k satisfies 

E n Mk (f- kerp for any closed subspace E of finite codimension. 

Since < eo, . . . , ek-\ > (SMk is dense, we have 

A = < eo,...,efc_i > ®A4 =< eo, . . . , Ck-i > ®Mk- 

The subspace is thus of finite codimension in A. Let i? be a closed subspace 
of finite codimension in X. There exists a finite-dimensional subspace F such that 
{E n Mfc) ® F = Mk- We deduce that 

Ih^iEnMk)®F^{En Mk) ® F. 

Since Mk is a subspace of finite codimension in A, we conclude that E D Mk is a 
subspace of finite codimension in A and thus that we cannot have E D Mk C kerp 
as kerp is not a subspace of finite codimension. □ 

2.2. Existence of mixing operators with hypercyclic subspaces. The exis- 
tence of hypercyclic and even mixing operators on any infinite-dimensional separa- 
ble Frechet space is now well known. In fact, the existence of hypercyclic operators 
has been obtained on any infinite-dimensional separable Banach space by Ansari [I] 
and Bernal [5], and on any infinite-dimensional separable Frechet space by Bonet 
and Peris [I^ . The construction of these operators is based on the hypercyclity of 
perturbations of the identity by a weighted shift. Grivaux has then noticed in |16| 
that these operators are even mixing. 

In 1997, Leon and Montes [T^ proved that every infinite-dimensional separable 
Banach space supports an operator with a hypercyclic subspace. In 2006, this result 
was generalized for infinite-dimensional separable Frechet spaces with a continuous 
norm independently by Bernal [6 and Petersson (24]. For Frechet spaces isomor- 
phic to w, the same result was obtained by Bes and Conejero |8]. Theorem 11.101 
permits us to answer positively the question asked in [51 Problem 8]: "Does every 
separable infinite-dimensional Frechet space support an operator with a hypercyclic 
subspace?". 

Lemma 2.3 ([10]). Let X be a separable infinite- dimensional Frechet space. If 
X is not isomorphic to lu then there exists a dense subspace F of X which has a 
continuous norm p and there are sequences (a:„)„ C F and {fn)n C X' , the dual of 
X , such that 

(1) {xn)n converges to 0, and span{a:„ ; n £ N} is dense in X; 

(2) {fn)n is X-equicontinuous in X' ; 

(3) {xn,fm) =0 ifn^m and ((a;„,/„))„ C ]0,1[. 

Theorem 2.4. Every separable infinite- dimensional Frechet space supports a mix- 
ing operator with a hypercyclic subspace. 

Proof. Let B : uj ui he the backward shift. Since the operator _B is a mixing 
operator with a hypercyclic subspace in uj (see [8J), any space X isomorphic to lu 
supports a mixing operator with a hypercyclic subspace. 
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Now, if X is not isomorphic to w, then Lemma 12.31 permits us to construct a 
mixing operator T : X ^ X (see [101 IlSI) defined by 

oo 

Ta; = x + ^ 2"" (a;, /2n)x„. 

n=l 

In particular, since T is mixing, T satisfies the Hypercycficity Criterion and thus 
condition (C). 

Let F and p as given by Lemma l2.3l There exists a continuous seminorm q on X 
such that the restriction oi q to F coincides with p. The subspace Mq := spanjxn : 
n odd} then satisfies the assumptions of Theorem II . 1 01 with the modification intro- 
duced in Remark I I.IH since each vector in Mq is a fixed point and 

spanjxn : n odd} n kerg — {0}. 

We conclude by Theorem II. 101 □ 

3. Some criteria for hypercyclic subspaces of type 2 

We move from our study of hypercyclic subspaces of type 1 to the study of 
hypercyclic subspaces of type 2. In order to construct hypercyclic subspaces of 
type 2, we first have to find a way to construct basic sequences in X such 
that if we denote by M„ the closed linear span of (u„), then H kerp is infinite- 
dimensional for any continuous seminorm p on X. 

Lemma 3.1. Let X be a Frechet space, (p„) an increasing sequence of seminorms 
inducing the topology of X and {un)n>i C X. If for any n > 1, m„ G kerp„\ kerp„-|_i, 
then (un) is a basic sequence, 

oo 

Mu := span{-u„ : n > 1} | ^ Q!„m„ : (a„) € K'^j 

n=l 

and for any k > 1, 

oo 

Mu n kerpk = span{u„ : n > fc + 1} = | ^ anUn ■ (a„) G K^j. 

In particular, the space Mu Hkerp is infinite- dimensional for any continuous semi- 
norm p on X . 

Proof. Let (un) be a sequence in X such that for any n > 1, it„ € kerp„\ kerp„+i. 
For any sequence (a„) € K^, the series c^nUn converges because for any fc > 1, 

any M > N > k, we have pk ( '^n=N '^nUn) = 0. Moreover, if a; = Q^nU„ and 

X = J2'^=i l^nUn, then for any n > 1, an = /?„. Indeed, suppose that no is the 
smallest index such that 7^ l^no 7 then we get the following contradiction: 
00 00 

-Pno + l( X! """" ~ X! ^""") = l'^"o - /3no|Pno + l(^'no) 7^ 0- 
n— 1 n— 1 

Let a; e X and Xk = X]^i '^".fc"'^"- To finish the proof, it suffices to show that 
if the sequence (a;^)*: converges to x in X, then each sequence {an,k)k converges 
to some scalar a„ and x = X^^^i o^nUn- We first notice that since P2{xk — xj) = 
|Q!i,fc — cti,j\p2iui) converges to as k,j — )> oo, the sequence {ai^k)k is a Cauchy 
sequence and thus converges to some scalar ai. Then we remark by induction that 
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for any N > 2, the sequence {aN,k)k is a Cauchy sequence and thus converges to 
some scalar un- Therefore, we have, for any N > 2, 

oo oo 
Pn{x a„Un^ < Pn{x - Xk) +PN{xk ~ ^ a„Un^ 

n—1 n—1 

N-1 N-1 
= Pn{x - Xk) +Pn(^'Y^ 0!n,kUn - ^ a„U„^ q 
71—1 n—1 

□ 

Remark 3.2. Such a basic sequence does not remain basic under small perturba- 
tions; for example in tu, {ek)k>o is a basic sequence but (cfc + ekek-i)k>o^ with 
e_i = 0, is not basic for any Sk > 0. 

Let (Tfc) be a sequence of linear operators from X to Y , where X is an infinite- 
dimensional Frechet space without continuous norm, whose topology is given by 
an increasing sequence of seminorms (p„), and where is a separable topological 
vector space, whose topology is given by an increasing sequence of seminorms (qj). 
Using the previous construction of basic sequences, we can state a sufficient criterion 
for the existence of hypercyclic subspaces of type 2. 

Theorem 3.3. // there exist an increasing sequence (n^) and a set Xq C X such 
that 

1. for any j > 1, for any x G Xq, {qj{Tn^x))k is ultimately zero; 

2. for any n,K > 1, ljfe>_f£' -^nt ("'^o H kerp„) is dense in Y , 
then {T„) possesses a hypercyclic subspace of type 2. 

Proof. If for any continuous seminorm q on Y . for any y d Y , q{y) — 0, then X 
is a hypercyclic subspace of type 2 because, by our assumption, X does not admit 
a continuous norm. If this is not the case, there exists a dense sequence {yi)i>i in 
Y such that for any I > 1, qj{yi) ^0 for some j > 1. Without loss of generality, 
we can suppose that qi{yi) ^ 0. By continuity of Tn^,, we also notice that for any 
if > 1, there exists Nk > 1 and C > such that for any x € X, 

uia^qkiTn^x) < Cpnk{x)- 

k<K 

In order to use Lemma 13.11 we then seek to construct a sequence {uk) C X 
such that for any fc > 1, Ufe G kerpkXkeipk+i and for any {ak)k C K^\{Q}, the 
series X^fc^i Q^fcUfc is hypercyclic for {Tn^)k- By hypothesis, for any £ > 0, for any 
I, K,n > 1, there exist x G Xq n kerp„ and k > K such that 

qiiTn^x -yi) <£ 

and since qi{yi) ^ 0, we can assume that x so that there exists m > n such that 
Pm{x) 7^ 0. For any Z, n, Kq > 1, there then exist x € Xq n kerp„ and an increasing 
sequence {Kj)j>i such that 

• for any i < Kq, qi(TniX) — (choosing x € kerp^v^^); 

• there exists Kq < i < Ki, such that qi{TniX ~ yi) < j; 

• for any j > 1, any i > Kj, qj(Tn.x) — (because x £ Xq). 

We construct recursively a family {xk,i)k,i>i C Xq and a family (nif,(^k.i))kA>i, 
for the strict order -< defined by (fc', I') {k, I) if k' + I' < k + I or ii k' + I' = k + I 
and I' < I, such that 
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• for any fc > 1, {(j){k,l))i is strictly increasing; 

• for any k,l>l, Xk.i G kcrpfc+j and qiiTn^^^ i-^Xk^i - yi) < j] 

• for any fc, Z > 1, there exists an increasing sequence {Kj'^)j>o such that 

(a) K^'' > I; 

{h) ct>{Kl)e[K^'\K^A 

(c) for each pair (fc', I') -< {k, I), < K^'''; 

(d) for any i < Kq'\ qiiTmXkj) = 0; 

(e) for any j > 1, any i > K^'\ qjiT^XkA) = 0. 

Since we use the seminorm pk+2 only after the construction of Xk,l^ we may assume 
that Pk+2{xk,i) 7^ 0, by changing the seminorm pk+2 if necessary. 

Let Uk = X^l^i ^fe.' which clearly converges. We therefore remark that we have 
— and Pk+i(uk) ^ 0, and thus by Lemma [STT] 

oo 

M :=spaii{wfc : fc > 1} = {^OffcUfc : (a^) £ K^j. 

k=l 

Moreover, by our construction, we notice that for any Iq >1: 

• if (fc,Z) -< (fcoi^o) then, by (b) and (c), we have if^^'' < Kq"'''" < 0(fco,Zo) 
and thus, by (e), qio(Tn^^i,„_^^^Xkj) = 0; 

• if (fcoj^o) -< {k,l) then, by (a), (b) and (c), we have 

lo < < 0(fco,?o) < K^"''" < 

and thus, by (d), qioiTn^^^^_,^^.,Xk,i) < '70(fco,io)(r«*(fco,io)^fc^') = ^■ 
Therefore, if u = Sfc°=i '^kUk with akg = 1, we have for any Iq > 1: 

^0 

We conclude that each non-zero vector in M is hypercyclic and thus that M is a 
hypercyclic subspace of type 2. □ 

We can simplify the previous criterion if each continuous seminorm on X has a 
kernel of finite codimension. 

Corollary 3.4. Suppose that each seminorm pn has a kernel of finite codimension. 
If there exist an increasing sequence {uk) and a set Xq C X such that 

1. for any j > 1, any x G Xq, {qj{Tn^x))k is ultimately zero; 

2. for any K > I, ljj,>^ Tn^{Xo) is dense in Y. 

then (Tn) possesses a hypercyclic subspace. 

Proof. Thanks to Theorem 13.31 it is sufficient to prove that for any n, if > 1, for 
any non-empty open set U d Y , there exists x G kerp„ such that 

(1) for any j > 1, {qj(Tn^.x))k is ultimately zero; 

(2) for some k>K,Tn^x£ U. 

Let n, if > 1 and U a non-empty open set in Y . We denote by d the codimension 
of kerp„. If for any continuous seminorm q on for any y € Y, q(y) — 0, then 
X is a hypercyclic subspace of type 2. If this is not the case, each non-empty open 
set in Y contains a vector y satisfying q(y) ^ for some continuous seminorm q on 
Y and there thus exist yo ^ Y, jo > 1 and e > such that 

{y e r : qjo {yo -y) <e} CU and £ < qj^ (yo). 
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By hypothesis, there exists xi G Xq such that for some fci > K, 

Tn,,, xiE {y eY : q,, (yo -y) <e}. 

Since xi G Xq, there also exists Ki > ki such that for any k > Ki, qj^iTn^xi) = 0. 
In particular, for any k > Ki, Tn^Xi ^ {y £Y : qjo{yo — y) < s}- Therefore, since 
Ufe>ifi ^"fc (^o) is dense in X, there exists another vector X2 € Xq such that for 
some ^2 > Ki, 

Tn^^X2 G {y e r : qj^{yo - y) < e}. 

We can thus find xi, . . . ,a;(j+i € -'^o and fci < • • ■ < kd+i such that for any 1 < 

i < d + 1, Tn^.Xi G U and for any l<i<j<d+l, qj^^Tn^^Xi) = 0. In 
particular, xi, . . . , x^+i are linearly independent because for any 1 < j < d+1, any 
ai,. . . ,aj G K with aj ^0, 

9jo(^nfc, (aia^i + • ■ • + o,jXj)) = \aj\qj„{Tn,^^xj) ^ 0. 

Since kerp„ has codimension d, we deduce that there exist ai, . . . ,0^+1 such that 
X := aixi + ••• + ad+iXd+i S kerp„\{0}. Therefore, since Xi, . . . ,Xd+i € Xq, 
{qj{Tn^x))k is ultimately zero for any j > 1 and if we let io = max{l < i < d + 1 : 
Ui ^ 0}, without loss of generality aig = 1 and T„j. x G ?7. The result follows. □ 

Now we establish a sufficient criterion for not having a hypercyclic subspace of 
type 2. 

Theorem 3.5. Let Xj = {x € X : #{k : qj{T]~x) = 0} = 00} . If there exist 
j, N,K >1 and a subspace E of finite codimension in X such that 

1^ Tfe ( kerpjv n S fl Xj) is not dense in Y , 

k>K 

then (Tfc) does not possess any hypercyclic subspace of type 2. 

Proof By hypothesis, there exist a non-empty open set U cY,j,N,K>l and a 
subspace of finite codimension E in X such that 

( U TkikevpNCiEnXj)^ nu = 9. 

k>K 

A direct consequence is that for any x G kerp^v H E, if there exists k > K such 
that TfcX G U, then {qj{Tkx)) is ultimately non-zero. Suppose that there exists 
a hypercyclic subspace M of type 2. Then we can consider a sequence {un)n>i 
such that for any n > 1, ?i„ G M n keipn+N H E. In particular, for any n > 1, 
Un is hypercyclic and there thus exists kn > K such that Tk^Un & U. Since 
Un G kerpjv H E, we deduce by our previous reasoning that there exists Kn > 1 
such that for any k > Kn, 

qj{TkUn)y^O. 

We seek to construct a sequence (q:„)„>i G such that if we let u = 
which exists because ?i„ G kerpn+Ar, then, for any k > Ki, we have qj{Tk{u)) > 1. 
That will give us the desired contradiction as u G M\{0} and u is not hypercyclic. 
To this end, we start by choosing ai such that for any Ki < k < K2, we have 



qj{aiTkUi) > 1. 
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Then we choose an recursively such that for any Ki < k < Kn+i, we have 

n-l 

qj(Tk(^'^aiui^ +anTkU„^ > 1. 
1=1 

Such a choice exists because for any K„ < k < Kn+i, we have qj(Tk{un)) ^ and 
for any Ki < k < Km either we have (?j(Tfe(u„)) ^ and we have just to choose 
a„ sufficiently large, or we have qj{Tk{un)) — and we have the desired inequality 
by the induction hypothesis. We conclude by continuity of (T^) and qj. □ 



4. Some examples of hypercyclic subspaces of type 2 

4.1. Universal series. We refer to Section [^?T] for notations and definitions about 
universal series. We only recall that ^ is a Frechet space of sequences whose topol- 
ogy is given by an increasing sequence of seminorms (j)n)n>i, X is a separable 
topological vector space whose topology is given by an increasing sequence of semi- 
norms {qj)j>i, {xn)n>o is a sequence in X and Sk ■ A ^ X is the operator defined 

by " " 

k 

5'fe((a„)„>o) = ^ anXn. 

11=0 

Thanks to the criteria of Section [31 we obtain the following two results: 

Theorem 4.1. Suppose that for any n > I, kerp„ is a subspace of finite codimen- 
sion. If for any N >0, 

IJ (span{xk : N < k < M} n (^span{a;fe : M -f 1 < A;} 

M>N 

is dense in X , then the sequence (Sk) possesses a hypercyclic subspace. 

Proof. Let y <E X , N > and / > 1. There exist N < M < L and qn, ■ ■ - jCll G 
such that 



k=N k=N k=M+l 



Let a(^^^^') = J2k=N "-k^k - J2k=M+i "-kSk- We then have qi{SMa^^'^'''^ - y) < \ 
and S'fea'^'^''' — for any k > L. We deduce that the conditions of Corollary 13.41 
are satisfied for Xq = {a^y'^'^^ : y e X, N > 0, I > 1}. □ 

Theorem 4.2. Suppose that for any n > I, kerp„ is a subspace of finite codimen- 
sion. If there exist N > and j > I such that 

IJ (spa,n{xk : N < k < M} n (span{xk : M -I- 1 < A:} -I- ker g^J ^ 

A/>Ar 

is not dense in X , then the sequence [Sk) does not possess any hypercyclic subspace. 
Proof. Let > 0, j > 1 such that 

y {s,^m\{xk : N < k < M} n (span{xk : M + 1 < k} + kerg^J) 

M>N 
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is not dense in X. Let Xj = {a E A: jf{k : qj{Ska) = 0} = oo}. We remark that 
y S'Af(span{efc : fc > iV} n Xj) 

M>N 

= IJ (^span{xfc : < A; < M} n (span{a;fe : + 1 < A-} + kergj^^ . 

Af>JV 

We conclude by Theorem 13.51 □ 

In the case where X possesses a continuous norm, we obtain the following gen- 
eralization of the characterization given by Charpentier, Mouze and the author for 
the Frechet space uj in jl4j . 

Corollary 4.3. Suppose that X possesses a continuous norm and for any n > I, 
kerp„ is a subspace of finite codimension. Then the sequence {Sk) possesses a 
hypercyclic subspace if and only if for any N > 0, 

IJ (^spanjxfc : < fc < Af} n (^span{xfc : M + I < kjj'j 

M>N 

is dense in X . 

With a suitable adaptation of previous ideas, we can modify the condition of The- 
orem |3?T] to know when Ua is spaceable. We recall that we denote by 5^ : A A 
the operator defined by 

fc 

ri=0 

Theorem 4.4. Suppose that for any n > 1, kerp„ is a subspace of finite codimen- 
sion. If for any N > 0, any e > 0, 

M M 



L L > 

I ^ akXk.pNiy ^ afegfe^ < ej 



L>M>N \ k=N k=N 

L 

n 

k=M+l k=M+l 

is dense in X , then Ua is spaceable. 



Proof. Let U he a non-empty open set in X, N > and e > 0. By hypothesis, 
there exist a polynomial a — X]fc=Ar '^k^k G ^ s^nd N < M < L such that 

PN{a) < PN{a — S^jo) < e, Smo- £ U and Slo. — 0. 

Since kerpAr is a subspace of finite codimension, there even exists such a polynomial 
a such that pat (a) — 0. Indeed, if we let d be the codimension of kerpjv, we know 
that there exist polynomials si, . . . , Sd+i G A such that for any I < j < d + I, for 
some v{sj) < Mj < d{sj), 

PNisj) < e, PN{sj - Sm-Sj) < e, Sm^sj e U and Sd{s,)Sj = 

and such that additionally d{sj) < v{sj^i) for any 1 < j < d. There then exist 
Ai, . . . , Xd+i G IK such that Aisi + ■ • ■ + Xd+iSd+i G kerpAr\{0}. Moreover, since 
we can suppose that max |Ai| < 1 and Afc = 1 for some 1 < A; < d -I- 1, we deduce 
that for any iV > 1, any £ > and for any non-empty open set U, we can construct 
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a non-zero polynomial a with valuation as large as desired such that for some 

v{a) < M < d{a), 

PAr(a) = 0, pN{a - Smo) < e, Smo- e U and Sd{a)a = 0. 

Let {yi)i>i be a dense sequence in X. We construct recursively a family of 
polynomials {a^'^)k.i>i, for the strict order -< defined by {k',l') -< {k,l) if k' + I' < 
k + I or ii k' + I' = k + I and I' < I, such that 

• for any {k',l') -< {k,l), d{a^'^^') < w(a'='0; 



for any fc, Z > 1, there exists w(a'^'') < Uk^i < (i(a*'''') such that 
Pfe+i(a'''') = 0, Pi(a'^^' - 3^,^'') < j^QiiSn.y^^ - Vi) < j and 5rf(a.,i)a'='' = 0; 



• for any fc > 1, pk+2{o, ) 7^ (changing Pk+2 if necessary). 

We can change pk+2 during the construction because we consider this one only after 
the choice of a'^'^. 

Letat*^) = ESi"'"''- We remark that we have pfe+i(a('=)) = andpfe+2(a^''^) 7^ 0, 
and thus by Lemma |3 . II that 

00 

spanjae-^) : fc > 1} = { ^ a^a^'^^ : K) S K^j. 
fc=i 

Therefore, if a = X]fe°=i Q^feO*-'^-' with q;a:„ = 1, we deduce that for any Iq > 1, 
and since (A;, I) >- (fco, Zq) implies k + I > Iq, 



(fc,/)^(fco,io) 

= p,o(a'''''" - St , a''^"''") < ^ ^ 0. 

We conclude that spanja*^''-' : fc > 1} C Ua U {0} and thus Ua is spaceable. 



□ 



Theorem 4.5. Suppose that for any n>l, kerp„ is a subspace of finite codimen- 
sion. If there exist N > 0, j > 1 and e > such that 



M M 



U ( { 51 ^^^^ ■ X! "fc^fc) < 

■ k=N 

L L \ 

I ^ akXk:pN(^ ^ Ofeefe^ < ej + kerqj H 

fc=Af+l A:=M+1 / 



L>AI>N \ k=N k=N 

n 



is not dense in X , then Ua is not spaceable. 
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Proof. Let iV > 0, j > 1, e > and U C X a non-empty open set such that U does 
not intersect 




n 



k=N 

L L \ 

({ X] o-kXk--PN(y ^ afcCfc) < ej -l-kergjj J . 

fe=M+l fc=M+l / 



That means that for every sequence a & A with v{a) > N, if there exist v{a) < M < L 
such that pN{S^fa) < e, p^iSfa — S^jo) < e and Smo. G U, then qj{SLa) 0. 

Suppose that Ua U {0} contains a closed infinite-dimensional subspace M^^. For 
any n > 1, since kerpjv+n is a subspace of finite codimension, there exits a non-zero 

sequence a*^"^ G Mh nkcrpAr_|_„ with valuation ?7(a(")) > A^. Since a*^"^ G Ua, there 
also exists an integer Kn > N + n such that > w(a'"-') and 

5K„a(")e(7andp;v(5la("))<|. 

Thanks to the properties of Kn, we get that for any n > 1, any k > Kn, if 
J5Ar(S'^a^"^) < |, then p^iS^a'^"'^ - < £ and thus by properties of 

N,j, £, U, we have qj{Ska^"'^) ^ 0. We deduce that for any k > Kn, we have 

(7,(5fea("))^0 or > |. 

We seek to construct a = 'J2^=i '^nd'^"^ E Mh such that for any k > Ki, wc have 
qj{Ska) > 1 or pn{<i — S^a) > |. That will contradict the fact that each non- 
zero vector in M/j is a restricted universal series. We remark that since for any 
n > 1, a^"-* G kerp7v+n7 the series Yl'^=i Q^n^'^"'' converges in X for every sequence 
(a„) G K^, and since is a closed subspace, X^^i Q:„a*^") G M^,. Moreover, if 
a = X^^i a„a("\ wc have pAr(a — •S'^a) = Piv(5'^a). It thus suffices to construct a 
sequence (a„) G K'^ such that for any k > Ki, we have 

qj{Ska) > 1 or pNiS^a) > |. 

We thus begin by choosing ai such that for any Ki < k < K2, we have 

qj{aiSka^^^) > 1 or pAr(ai5fe a^^^) > 



2 

Then, we choose Q!„ recursively such that for any Ki < k < K^+i, we have 
-1 n-l 



£ 

fc=i fc=i 



Such a choice exists because for any Kn < k < Kn+i, we have either gj(5'fe(a^"')) ^ 
or p7v('S'^a*-"^) > | and, for any Ki < k < Kn, if we have gj(5fea(")) ^ or 
}3jv('S'^a'"-') 7^ 0, then it suffices to choose a„ sufficiently large and if we have 
qj{Ska^"'^) = and pN^S^a^"'^) = 0, then we have the desired result by the induc- 
tion hypothesis. □ 

Corollary 4.6. Suppose that X possesses a continuous norm and for any n > 1, 
kerp„ is a subspace of finite codimension. Then the space Ua is spaceable if and 
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only if for any N > 0, any e > 0, 

M M 



L>M>N \ k=N k=N 

L L 



k=M+l fc=M+l 

is dense in X . 

This Corollary together with Theorem 12.21 characterizes almost completely the 
spaceability of IAa ■ 

4.2. Sequence of operators from u to uj. In 2006, Bes and Conejero [8_ showed 
that for any non-constant polynomial P, for any weighted shift B^,, the operator 
P{Bu]) : oj ^ u! possesses a hypercyclic subspace. We are interested to know which 
sequences of operators from w to w possess a hypercyclic subspace. In the following, 
we denote by (e„)„>o the canonical basis of lo and by p„ the seminorms defined by 
Pnix) = maxjlxfcl : < fc < n}. 

Let (Tfe) be a sequence of continuous linear operators from w to w. These op- 
erators can be seen as matrices {a[''j)i.j>o, where TkCj — {a[''j)i>o, i.e. the jih 
column of (a[*^^) is given by TkCj. We notice that each row of the matrix {a\''j) 

(k) 

needs to be ultimately zero in order that Tk is well-defined. We then denote by c,- 
the smallest index such that for any j > c\''\ a^'^j = 0. In particular, it means that 

(k) 

for any i > 0, any x G uj, the ith coordinate of T^x only depends on the first c] 
coordinates of x. 

By convention, if A C w, we let A OKJ := {{xk)o<k<i ■ {xk)k>o G In 
particular, we have 

(4.1) Tfc(kerpAr) n K' = span{(ag),=o.....;-i ■■j>N+l}. 

We start our study of the existence of hypercyclic subspaces for (Tfe) by the 
following simple result: 

Lemma 4.7. // (Tk) possesses a hypercyclic subspace, then for any N > 0, any 
l>l, any K > I, 

span{(a^^^)i=o /-i '■ j ^ is dense in K'. 

k>K 

Proof. If we suppose that (T^) possesses a hypercyclic subspace Mh, then we know 
that for any A'' > 0, we have Mh H kerp^r ^ {0} and thus, for any K > 1, 
Ufc>7< ^fe(k6rp7v) is dense in uj. In particular, we deduce that for any I > 1, 
Uk>K TkikerpN) n is dense in K'. Thanks to (gl]), we therefore conclude that 

(J span{(a|^^^)i=o,. : j > iV + 1} is dense. 



k>K 



□ 



A condition a little stronger than the condition of Lemma 14.71 gives us a sufficient 
condition for having a hypercyclic subspace. 
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Theorem 4.8. If for any N > 0, any I > I, any K > 1, there exists k > K such 
that 

span{(ai5),=o,...,i-i:j>A^} = IK', 
then (Tfc) possesses a hypercyclic subspace. 

Proof. Thanks to Corollary 13.41 we can conclude if we show that there exist a 
sequence (nk) and a set Xq C X such that 

(1) for any j > 1, any x £ Xq, {pj{T„i^x))k is ultimately zero; 

(2) for any K > 1, any / > 1, any yo, . . . , yi^i G K, there exist k > K and 
X € Xo such that T^^x = {y„, yi-i,*, *,...). 

By assumption, for any > 0, any / > 1, any K > 1, there exists k > K and 
M >N such that 

span{(ag),=o...,/-i :M>j>N}^KK 

We can thus construct recursively two increasing sequences (ni) and (mi) with 
mi = 1 such that for any Z > 1, 

J span{(a,^"''')i=o,...,i-i : Wi+i > i > = 

The second inequality implies that for any / > 1, any x ^ uj, the first / coordinates of 
TniX only depend on the first to;+i coordinates of x and the first equality therefore 
implies that for any I > 1, any yoi • ■ • : Ui-i S IK, any xq, . . . , x„i,-i G K, there exists 
Xmi, ■ ■ ■ ja^nii+i-i G IK such that 

*,*,■■■)) ^ {yQ,...,yi-i, *,*,.■■). 

In particular, for any / > 1, we can construct a sequence x block by block thanks 
to (|4.2p such that T^^x — (j/o, • • • , yi-i, *,*,•■•) and for any j > /, pj{Tn x) — 0. 
The assumptions of Corollary 13.41 are thus satisfied for the sequence (n;). □ 

Remark 4.9. The condition 

span{(a|5),=o...,i-i :J>^}=K' 

is equivalent to the existence of a number M > N such that the column rank of 
the matrix (a,^'^'')o<i<z;jv<j<A/ is equal to I. 

Remark 4.10. In general, the converse of Theorem 14.81 is false. If we consider a 
dense sequence {yi)i>a in u and two applications ipi, (^2 : N — >■ Z+ such that 

for any n,l>0, =ff{k G N : ((pi(fc), (p2(fc)) = in,l)} = oo, 

then the sequence {Tk)k>i, defined by Tk{en) = y,^2{k)^n,vi{k), possesses uj as hy- 
percyclic subspace but the assumption of Theorem 14.81 is not satisfied. However it 
seems more difficult to exhibit a counterexample in the case of an operator T and its 
iterates. Therefore one may wonder if, in this case, the assumption of Theorem 14.81 
is equivalent to having a hypercyclic subspace. 

An immediate corollary of Theorem 14.81 can be stated as follows: 
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Corollary 4.11. // there exist two increasing sequences of integers (ik) and (uk) 
such that 

(i) for any i > 0, c}[^^^ — > cx) as fc — oo, 

(ii) for any k>l, any i,j <ik, i^ j ^ c^""^ ^ cj"'°\ 
then (Tfc) possesses a hypercyclic subspace. 

Proof. Let Jq'' — mino<i<; c|"'°'' — 1 and j'^'' = maxo<i<; c[^''\ We deduce from (ii) 
that for any fc > 1, any / < ik, the column rank of the matrix (a,-"'°^)o<i<i- j''-^ <j<j''-' 
is equal to /. By (i), we also have that for any / > 1, Jq'' — >■ (X) as fc oo. We 
conclude thanks to Theorem 14.81 and Remark 14.91 □ 

We remark that the conditions of Corollarv l4.11l do not depend on the values of 
the matrices (a^ j^) but only on the positions of non-zero elements of these matrices. 
In the case of an operator T and its iterates, if we denote by q the smallest index 
such that for any j > Ci, a.ij — 0, where T — {aij)i_j>o, then we can obtain a 
necessary condition only depending on values Ci. 

Corollary 4.12. Let T : lo ^ lj he a continuous linear operator. If 

(i) for any i > 0, q > i + 1, 

(ii) for any i^ j, Cj, 

then T possesses a hypercyclic subspace. 
Proof. Let n> 1. By definition of Ci, we have 

r(kerp„) C {x € OJ : Xi = if q < rt + 1} 
and by (ii), we also have 

T(kerp„) D {x € lo : Xi = if c.^ < n + 1}. 
Therefore, by (i), we get 

r(kerp„) = {x Lo : Xi — if q < n + 1} 

D {x £ uj : Xi = if i < n} = kerp„_i. 
We deduce that r"(kerp„) D kerpo and since 

T(kerpo) = {x d uj : Xi — if Ci < 1} = uj, 
we conclude thanks to (|4.ip and Theorem 14.81 □ 

Corollary 14.121 gives us a large class of operators with hypercyclic subspaces on 
u!. In particular, we remark that the operators P{Bi^) + ^kS^, where P is a 

non-constant polynomial and Sw is a weighted forward shift, possess a hypercyclic 
subspace. This contains, in particular, the result of Bes and Conejero [B]. 

We end this section by looking at the notion of frequently hypercyclic subspaces 
for operators from w to w. Let (T^) be a sequence of linear continuous operators 
from X to y, where X is an infinite-dimensional Frechet space and y is a separable 
topological vector space. The sequence (T^) is said to be frequently hypercyclic if 
there exists a vector x ui X (also called frequently hypercyclic) such that for any 
non-empty open set U C X, the set {fc > 1 : TkX G J7} is of positive lower density. 
We therefore say that (T^) possesses a frequently hypercyclic subspace if there exists 
a closed infinite-dimensional subspace in which every non-zero vector is frequently 
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hypercyclic. The notion of frequently hypercyclic operator has been introduced by 
Bayart and Grivaux [2\ , and the notion of frequently hypercyclic subspace has been 
studied for the first time by Bonilla and Grosse-Erdmann 

Theorem 4.13. Let f^i — maxjcj-'^'' : i — 0, . . . ,1 — 1} . If there exist {dk)k>i and 
{Ni)i>i such that for any k,l > I, we have 



and for any k' > k + Ni, we have fk^i < dk' , then (Tfe) possesses a frequently 
hypercyclic subspace. 

Proof Let {yi)i>i be a dense sequence in w. Let ifk,i)k,i>i, {dk)k>i, and {Ni)i>i 
be sequences as given in the statement. We know (see [3], [H]) that there exists 
a family of disjoint sets A{1, i/) C N of positive lower density such that for any 
n g A(l, v), for any m £ A(X, /i), we have n> v and \n — m\ > v + ^ \i n ^ m. We 
let Eij = A{l,j + Ni). The goal of this proof is to construct a sequence {uj)j>i C w 
such that v{uj) — oo and for any {aj)j S K^, the sequence '^j'^j frequently 

hypercyclic. To this end, we will construct the sequence {uj)j such that for any 
l,j ^ 1; for any n S Eij, for any j' ^ j, we have 

pi-i{TnUj - yi) ^ and p;_i(T„Uj/) = 0. 

We will construct these sequences block by block by going through each element in 
E := [Ji Eij. We denote by Uk the fcth element in E and 



We remark that for any fc > 1, if G Eij and Uk+i G then Uk+i — > 

j + Ni + j' + Ni> > Ni and thus by hypothesis, we have fn^,i < dn^^^- Our 
construction will therefore consist at the fcth step in adding to some sequences 
a new block Ui^d„^ : • • ■ : '^ijn^ i-i if '^fc ^ ^i,r this way, if G Eij^ the first I 
coordinates of r„^ Ui will not be modified after the fcth step of our construction by 
definition of fn^,!- The sets Jk will permit us to know for which sequence Uj some 
blocks have already been constructed after the (fc — l)st step. Our construction is 
the following: 

• If rifc e Ei^j and j ^ Jk, we let Uj = (0, . . . ,0,Mj,d„^, • ■ • , ""j.A^.i-i, *,*,■•■) 
such that pi-i{Tn^Uj —yi) =0 and for each i £ Jk, we complete Ui by some 
block Ui^d„ , ■ ■ ■ Uij^ ,_i such that pi-i{Tn^Ui) — 0. Such blocks exist by 

• If rifc G Eij and j G Jfc, we complete Uj by some block UjAn^^ , ■ ■ ■ "^jj^^ i-i 
such that pi^i{Tn^Uj ~ yi) — and for each i G Jk, i ^ j, we complete Ui 
by some block Ui,d^^ , . . . ,-i such that pi-i[Tn^Ui) = 0. 

The condition ()4.3p implies that fk^i > I. Hence, dfc — > oo as fc — cxd and thus 
v{uj) — > oo as j — > oo. We deduce that there exists a subsequence of (uj) and a 
subsequence of {p„ ) such that the condition of Lemma [3. H is satisfied. The subspace 
obtained is therefore a frequently hypercyclic subspace for (Tfc). □ 

In the case of an operator T and its iterates, we obtain the following simple 
criterion. 



(4.3) 



span{(a^/)i=o. ■ dk < j < fkd} = IK' 




i>i 
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Corollary 4.14. Let T : lo ^ uj be an operator and r > \ an integer. // cq > 2 
and for any i >Q, ci+i = Ci + r, then T possesses a frequently hypercyclic subspace. 

Proof. By induction, we can show that c''''' — J2n=o''""i'^ ^ 1) + '''^^ + 1 because 
for any fc > 2, we have 

(k) (fc-i) 

We thus have 

k~l 

fk,i := niax{cf) : i = 0, . . . ,1 ^ 1} = ^r"(co - l) + r''{l - 1) + 1. 

ji=0 

Therefore, letting dk — c^^^ — 1, we get for any ^ > 1, 

span{(a||'2)i=o...j-i : dk < n < fkd} = IK' 
and for any l,k > 1, for any k' > k + I, we have 



ji=0 
k+l-l 

< ^"(^0 - 1) = ^o'^'^ - 1 = dk+i < dk'. 
We conclude by Theorem 14. 131 □ 

Corollary 4.15. Each operator P{B^) + X^feLi OikS^, where P is a non-constant 
polynomial and Sw is a weighted forward shift, possesses a frequently hypercyclic 
subspace on uj. 

4.3. Weighted shifts. Weighted shifts are classical examples of hypercyclic op- 
erators. In [22], a characterization of weighted shifts with hypercyclic subspaces 
on certain Kothe sequence spaces with a continuous norm is given. In this subsec- 
tion, we complement this result by giving a characterization of weighted shifts with 
hypercyclic subspace of type 2 on certain Frechet sequence spaces. 

A Frechet space X is a Frechet sequence space if X is a subspace of oj such that the 
embedding of X in uj is continuous. In other words, X is a Frechet sequence space if 
the convergence in X implies the convergence coordinates by coordinates. A family 
of Frechet sequence spaces is given by Kothe sequence spaces. Let A = (aj,fe)j>i,fe>o 
be a matrix such that for any j > 1, any fc > 0, we have Oj^k < aj+i.k and for any 
fc > 0, there exists j > 1 such that aj^k 7^ 0. We define the (real or complex) Kothe 
sequence spaces A^(^) with 1 < p < oo and co{A) by 

oo i_ 

X^{A) := ^{Xk)k>0 e ^ ■ Pj{{Xk)k) = (X! I^*:^:*-^!^) " < i > l}: 

k=0 

co(A) {(xfc)fc>o e w : lim \xk\aj,k = 0, j > 1} with Pj{{xk)k) = sup \xk\aj^k- 

A:->oo k>0 

These Frechet spaces possess a continuous norm if and only if there exists j > 1 
such that for any fc > 0, aj^k 7^ 0. 

We fix a Frechet sequence space X and a weighted shift : X ^ X defined by 
Bw^n = WnCn-i, whcrc 6-1 = 0, {en)n>o IS thc Canonical basis in uj and (w„)„>i 
is a sequence of non-zero scalars. 
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Theorem 4.16. Suppose that the set of finite sequences is a dense subset of X . 
If for any continuous seminorm p on X, the set {fc > ; p{ek) — 0} contains 
arbitrarily long intervals, then possesses a hypercyclic subspace of type 2. 

Proof. Let Xo be the set of finite sequences. We can prove that the assumptions 
of Theorem 13.31 are satisfied for Xq and the whole sequence {n). Indeed, for any 
X G Xq, we remark that the sequence is ultimately zero. Moreover, for any 

continuous seminorm p on X, for any n > 1. we know that there exists fc > such 
that 

p{ek) = ■■■ =p{ek+n) 0. 
Let Xq, . . . ,Xn £ K. We have thus that 

n n 

y := ^ — ek+i e kcrp n Xq and B'^y ^ ^ x;e/. 

1=0 n^=i 'Wi+i^ 

Since the finite sequences are dense in X, we conclude by Theorem 13. 31 □ 

If there exists an increasing sequence of seminorms {pj)j>i inducing the topology 
of X such that for any (a;fe)fe>o, {yk)k>o G X, we have 

{\xk\ < \yk\ for any fc > 0) ^ Pjiixk)k>o) < P]{{Vk)k>o), 

then it is interesting to notice that if the assumption of Theorem l4.16l is not satisfied, 
the existence of a weighted shift B^, : X ^ X implies that X possesses a continuous 
norm. 

Lemma 4.17. Let {pj)j>i be an increasing sequence of seminorms inducing the 
topology of X . Suppose that the set of finite sequences is a subset of X and that for 
any {xk)k>o, iyk)k>o e X, we have 

(4.4) {\xk\ < \yk\ for any fc > 0) Pj{{xk)k>a) < P]{{Vk)k>n)- 

If there exist a weighted shift B^ from X to X and a continuous seminorm p on 
X such that the set {fc > : p{ek) — 0} does not contain arbitrarily long intervals, 
then X possesses a continuous norm. 

Proof. By hypothesis, there exist a continuous seminorm p on X and iV > 1 such 
that for any fc > 0, we have p{ek+i) ^ for some < i < A^. Without loss of 
generality, we can suppose that p(eo) ^ 0. Moreover, since Byj is a weighted shift 
from X to X and X \s & Frechet sequence space, we know that B^, is continuous. 
Therefore, there exist j >1 and a constant C > such that for any fc > 0, for any 
< « < iV, we have 

p{Bl,ek)<Cp,{ek). 

In particular, for any fc > 0, if p{ek) ^ 0, then pjick+i) 7^ for any < i < N . 
Thanks to properties of N and the fact that p{eo) ^ 0, we deduce that for any 
k>Q, Pj{ek) 7^ 0. Using (|4.4p . we therefore conclude that pj is a norm. □ 

As hypercyclic subspaces of type 2 do not exist on Frechet spaces with a contin- 
uous norm, we obtain the following characterization: 

Theorem 4.18. Let X be a Frechet sequence space such that the set of finite 
sequences is a dense subset of X . Let B^ be a weighted shift from X to X. Let 
{pj)j>i be an increasing sequence of seminorms inducing the topology of X . Suppose 
that for any {xk)k>o, {yk)k>o e X, we have 

{\xk\ < \yk\ for any fc > 0) Pj{{xk)k>o) < P]{{yk)k>o)- 
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Then the operator Bw possesses a hypercyclic subspace of type 2 if and only if for 
dn-y j > 1, the set {fc > : Pj{ek) = 0} contains arbitrarily long intervals. 

Corollary 4.19. Let X = X^{A) or co{A) and Byj a weighted shift from X to X . 
The operator possesses a hypercyclic subspace of type 2 if and only if for any 
j > 1, the set {A: > : uj^k = 0} contains arbitrarily long intervals. 
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